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SCARA-Robot with
One translational joint 𝑑1

Two rotational joints 𝜃2, 𝜃3

Configuration 𝒒 = 𝑑1, 𝜃2, 𝜃3

Forward Kinematics (position only):

𝒇 𝒒 =

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑑1

Task 1: Differential Inverse Kinematics
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The Jacobi matrix relates Cartesian end effector velocities to joint angular 
velocities

The following problems can be solved with this relation:

1. Given joint angular velocities, which kartesian end effector velocities are 
realized with them.

2. Given a Cartesian end effector velocity, which joint angular velocities are 
required to realize them? 

ሶ𝒙 𝑡 = 𝐽𝑓 𝜽 𝑡 ⋅ ሶ𝜽(𝑡)

End Effector Velocities
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Task 1: Inverse Kinematics

Forward Kinematics (position only):

𝒇 𝒒 =

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑑1

Approach for Inverse Kinematics 
ሶ𝒒 = 𝐽−1 𝒒 ⋅ ሶ𝒙

Subtasks:
1.1: Determine the inverse Jacobian matrix 𝐽−1(𝒒).

1.2: Determine ሶ𝒒 for a given 𝒒 and ሶ𝒙.

1.3: Which position exhibits singularities?



Robotics I: Introduction to Robotics | Exercise 035

Task 1.1: Inverse Jacobian Matrix

𝒇 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑑1

Jacobian Matrix:
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Task 1.1: Inverse Jacobian Matrix

𝒇 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑑1

Jacobian Matrix:

𝐽 𝒒 =
𝜕𝒇

𝜕𝑑1
,

𝜕𝒇

𝜕𝜃2
,

𝜕𝒇

𝜕𝜃3

𝜕𝒇

𝜕𝑑1
=

0
0

𝜕

𝜕𝑑1
𝑑1

=
0
0
1
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Task 1.1: Inverse Jacobian Matrix

𝒇 𝒒 =
𝑥
𝑦
𝑧

=

−500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2)

500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑑1

Jacobian Matrix:

𝐽 𝒒 =
𝜕𝒇

𝜕𝑑1
,

𝜕𝒇

𝜕𝜃2
,

𝜕𝒇

𝜕𝜃3

𝜕𝒇

𝜕𝑑1
=

0
0

𝜕

𝜕𝑑1
𝑑1

=
0
0
1
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑥

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2) 

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑥

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2) 

𝑥 = −500 ⋅ sin 𝜃2 ⋅ cos 𝜃3 + cos 𝜃2 ⋅ sin 𝜃3 − 500 ⋅ sin(𝜃2)

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑥

𝑥 = −500 ⋅ sin(𝜃2) ⋅ cos(𝜃3) − 500 ⋅ cos(𝜃2) ⋅ sin(𝜃3) − 500 ⋅ sin(𝜃2) 

𝑥 = −500 ⋅ sin 𝜃2 ⋅ cos 𝜃3 + cos 𝜃2 ⋅ sin 𝜃3 − 500 ⋅ sin(𝜃2)

 
   = −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin(𝜃2)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑦

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑦

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

Simplify expression for 𝑦

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 ⋅ cos 𝜃3 − sin 𝜃2 ⋅ sin 𝜃3 + 100 + 500 ⋅ cos 𝜃2

 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃2
=

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃2
=

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃2
=

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃2
= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃2
= −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃2
= 0

𝜕𝒇

𝜕𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃3
=

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃3
=

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃3
=

𝜕𝒇

𝜕𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝑥 = −500 ⋅ sin(𝜃2 + 𝜃3) − 500 ⋅ sin(𝜃2)

𝜕𝑥

𝜕𝜃3
= −500 ⋅ cos(𝜃2 + 𝜃3)

𝑦 = 500 ⋅ cos 𝜃2 + 𝜃3 + 100 + 500 ⋅ cos 𝜃2

𝜕𝑦

𝜕𝜃3
= −500 ⋅ sin 𝜃2 + 𝜃3

𝑧 = 𝑑1
𝜕𝑧

𝜕𝜃3
= 0

𝜕𝒇

𝜕𝜃3
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Task 1.1: Inverse Jacobian Matrix

Jacobian Matrix:

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

Solve for:

𝐽−1 𝒒 = ?
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Task 1.1: Inverse Jacobian Matrix

Matrix:

𝐴 =
𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

Invert:

A−1 =
1

det 𝐴

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

Determinant (Rule of Sarrus):
det 𝐴 = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 +
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 − 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

= 0 + −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 + 0

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 − 0 − 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

 = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2



Robotics I: Introduction to Robotics | Exercise 0328

Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

 = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

 = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

det 𝐽(𝒒) = 𝑎𝑒𝑖 + 𝑏𝑓𝑔 + 𝑐𝑑ℎ − 𝑐𝑒𝑔 − 𝑏𝑑𝑖 − 𝑎𝑓ℎ

 = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3

− −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= −500 ⋅ −500 ⋅
cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− sin 𝜃2 + 𝜃3 + sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3



Robotics I: Introduction to Robotics | Exercise 0331

Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

det 𝐽(𝒒) = 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

det 𝐽(𝒒) = 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

det 𝐽(𝒒) = 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3 cos2 𝜃2 + sin2 𝜃2

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − sin 𝜃2 ⋅ cos 𝜃2 + 𝜃3

det 𝐽(𝒒) = 5002 ⋅
cos 𝜃2 ⋅ sin 𝜃2 cos 𝜃3 + cos 𝜃2 sin 𝜃3

− sin 𝜃2 ⋅ (cos 𝜃2 cos 𝜃3 − sin 𝜃2 sin 𝜃3)

det 𝐽(𝒒) = 5002 ⋅ cos2 𝜃2 sin 𝜃3 + sin2 𝜃2 sin 𝜃3

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3 cos2 𝜃2 + sin2 𝜃2

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3 ⋅ 1

sin 𝛼 + 𝛽 = sin 𝛼 ⋅ cos 𝛽 + cos 𝛼 ⋅ sin 𝛽
cos(𝛼 + 𝛽) = cos 𝛼 ⋅ cos 𝛽 − sin 𝛼 ⋅ sin 𝛽



Robotics I: Introduction to Robotics | Exercise 0338

Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

𝐽 𝒒 −1 =
1

det 𝐽 𝒒

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

𝐽 𝒒 −1 =
1

det 𝐽 𝒒

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

𝑒𝑖 − 𝑓ℎ 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 𝑐ℎ − 𝑏𝑖 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 𝑐𝑑 − 𝑎𝑓
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
𝑐𝑑 − 𝑎𝑓 = 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 𝑎𝑒 − 𝑏𝑑

𝑒𝑖 − 𝑓ℎ = 0
𝑐ℎ − 𝑏𝑖 = 0
𝑐𝑑 − 𝑎𝑓 = 0
𝑎𝑒 − 𝑏𝑑 = 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 =
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅
−500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅
−500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅ (
)

cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 −
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅
−500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 𝑏𝑓 − 𝑐𝑒
𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅
−500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑓 − 𝑐𝑒 = −500 ⋅ cos 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ −500 ⋅ sin 𝜃2 + 𝜃3 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅
−500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2

= 5002 ⋅
cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 + cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3

− cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2

= 5002 ⋅ cos 𝜃2 ⋅ sin 𝜃2 + 𝜃3 − cos 𝜃2 + 𝜃3 ⋅ sin 𝜃2 = 5002 ⋅ sin 𝜃3
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑓𝑔 − 𝑑𝑖 =
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

𝑓𝑔 − 𝑑𝑖 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑓𝑔 − 𝑑𝑖 = −500 ⋅ sin 𝜃2 + 𝜃3 − 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 =
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 = 0 − (−500 ⋅ cos 𝜃2 + 𝜃3 ⋅ 1)
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 𝑎𝑖 − 𝑐𝑔 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑎𝑖 − 𝑐𝑔 = 0 − −500 ⋅ cos 𝜃2 + 𝜃3 ⋅ 1 = 500 ⋅ cos 𝜃2 + 𝜃3



Robotics I: Introduction to Robotics | Exercise 0356

Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 =
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 = 0 ⋅ 0 − −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ 1
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0
𝑑ℎ − 𝑒𝑔 𝑏𝑔 − 𝑎ℎ 0

𝑑ℎ − 𝑒𝑔 = 0 ⋅ 0 − −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 ⋅ 1

= 500 ⋅ sin 𝜃2 + 𝜃3 + 500 ⋅ sin 𝜃2

= 500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ =
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ 1 − 0 ⋅ 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 𝑏𝑔 − 𝑎ℎ 0

𝑏𝑔 − 𝑎ℎ = −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 ⋅ 1 − 0 ⋅ 0

= −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 0
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Task 1.1: Inverse Jacobian Matrix

𝐽 𝒒 −1 =
1

5002 ⋅ sin 𝜃3

0 0 5002 ⋅ sin 𝜃3

−500 ⋅ sin 𝜃2 + 𝜃3 500 ⋅ cos 𝜃2 + 𝜃3 0

500 ⋅ sin 𝜃2 + 𝜃3 + sin 𝜃2 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 0

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3
0

sin 𝜃2 + 𝜃3 + sin 𝜃2

500 ⋅ sin 𝜃3

− cos 𝜃2 + 𝜃3 − cos 𝜃2

500 ⋅ sin 𝜃3
0
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Task 1.2: Joint Angular Velocities

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3
0

sin 𝜃2 + 𝜃3 + sin 𝜃2

500 ⋅ sin 𝜃3

− cos 𝜃2 + 𝜃3 − cos 𝜃2

500 ⋅ sin 𝜃3
0

Given:

Robot state 𝒒 = 𝑑1, 𝜃2, 𝜃3
𝑇 = 1, 0,

𝜋

2

𝑇

EEF Velocity ሶ𝒑 = 1000, 0, 0 𝑇

Required:
Joint angular velocity ሶ𝒒, which causes EEF velocity ሶ𝒑
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Task 1.2: Joint Angular Velocities

𝐽 𝒒 −1 =

0 0 1

−
sin 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3
0

sin 𝜃2 + 𝜃3 + sin 𝜃2

500 ⋅ sin 𝜃3

− cos 𝜃2 + 𝜃3 − cos 𝜃2

500 ⋅ sin 𝜃3
0

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3

cos 𝜃2 + 𝜃3

500 ⋅ sin 𝜃3
0

sin 𝜃2 + 𝜃3 + sin 𝜃2

500 ⋅ sin 𝜃3

− cos 𝜃2 + 𝜃3 − cos 𝜃2

500 ⋅ sin 𝜃3
0
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Task 1.2: Joint Angular Velocities

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 0 +

𝜋
2

500 ⋅ sin
𝜋
2

cos 0 +
𝜋
2

500 ⋅ sin
𝜋
2

0

sin 0 +
𝜋
2

+ sin 0

500 ⋅ sin
𝜋
2

− cos 0 +
𝜋
2

− cos 0

500 ⋅ sin
𝜋
2

0
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Task 1.2: Joint Angular Velocities

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
sin 0 +

𝜋
2

500 ⋅ sin
𝜋
2

cos 0 +
𝜋
2

500 ⋅ sin
𝜋
2

0

sin 0 +
𝜋
2

+ sin 0

500 ⋅ sin
𝜋
2

− cos 0 +
𝜋
2

− cos 0

500 ⋅ sin
𝜋
2

0

𝐽

1
0
𝜋

2

−1

=

0 0 1

−
1

500 ⋅ 1

0

500 ⋅ 1
0

1 + 0

500 ⋅ 1

−0 − 1

500 ⋅ 1
0

=

0 0 1

−
1

500
0 0

1

500
−

1

500
0
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Task 1.2: Joint Angular Velocities

ሶ𝒒 = 𝐽 𝒒 −1 ⋅ ሶ𝒑
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Task 1.2: Joint Angular Velocities

ሶ𝒒 = 𝐽 𝒒 −1 ⋅ ሶ𝒑

ሶ𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000

0
0
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Task 1.2: Joint Angular Velocities

ሶ𝒒 = 𝐽 𝒒 −1 ⋅ ሶ𝒑

ሶ𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000

0
0

ሶ𝒒 =

0 0 1

−
1

500
0 0

1

500
−

1

500
0

⋅
1000

0
0
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Task 1.2: Joint Angular Velocities

ሶ𝒒 = 𝐽 𝒒 −1 ⋅ ሶ𝒑

ሶ𝒒 = 𝐽

1
0
𝜋

2

−1

⋅
1000

0
0

ሶ𝒒 =

0 0 1

−
1

500
0 0

1

500
−

1

500
0

⋅
1000

0
0

=
0

−2
2
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Task 1.3: Singularities

A kinematic chain is in a singular configuration if the corresponding Jacobian matrix is 
not of full rank.

Two or more columns of 𝐽𝑓 are linear dependent

The Jacobian is not invertible
Specific motions are not feasible

In proximity of singularities
high joint angular velocities can be required
to maintain an end effector velocity
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Task 1.3: Singularities

A quadratic matrix 𝐴 ∈ ℝ𝑛×𝑛 is of full rank if and only if its determinant is non-equal to 

zero.

rang 𝐴 = 𝑛 ⇔ det 𝐴 ≠ 0

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0
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Task 1.3: Singularities

A quadratic matrix 𝐴 ∈ ℝ𝑛×𝑛 is of full rank if and only if its determinant is non-equal to 

zero.

rang 𝐴 = 𝑛 ⇔ det 𝐴 ≠ 0

𝐽 𝒒 =
0 −500 ⋅ cos 𝜃2 + 𝜃3 − 500 ⋅ cos 𝜃2 −500 ⋅ cos(𝜃2 + 𝜃3)

0 −500 ⋅ sin 𝜃2 + 𝜃3 − 500 ⋅ sin 𝜃2 −500 ⋅ sin 𝜃2 + 𝜃3

1 0 0

 

det 𝐽(𝒒) = 5002 ⋅ sin 𝜃3

For singularities 𝒒𝑠𝑖𝑛𝑔 of the quadratic matrix 𝐽 𝒒  we have: 

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0
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Task 1.3: Singularities

For singularities 𝒒𝑠𝑖𝑛𝑔 of the quadratic matrix 𝐽 𝒒  we have: 

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0
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Task 1.3: Singularities

For singularities 𝒒𝑠𝑖𝑛𝑔 of the quadratic matrix 𝐽 𝒒  we have: 

det 𝐽 𝒒𝑠𝑖𝑛𝑔 = 5002 ⋅ sin 𝜃3 = 0

sin 𝜃3 = 0

𝜃3 = 𝑛 ⋅ 𝜋, 𝑛 ∈ [0,1,2, … ]

𝜃3 = 0 ∨ 𝜃3 = 𝜋, 𝜃3 ∈ 0,2𝜋

𝒒𝑠𝑖𝑛𝑔,1 =
𝑑1

𝜃2

0

, 𝒒𝑠𝑖𝑛𝑔,2 =
𝑑1

𝜃2

𝜋
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Task 2: Dynamic Modelling after Lagrange

Assumptions:
Centers of mass in the middle of the segments

Negligible radius of the segments

Configuration 𝒒 = 𝑑, 𝜃 𝑇
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Task 2: Dynamic Modelling after Lagrange

Position of centers of mass:

𝑝1 = 𝑥1, 𝑦1 = (
1

2
𝑙1 + 𝑑, 0) 

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 −
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃) 
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Task 2: Dynamic Modelling after Lagrange

Configuration 
𝒒 = 𝑑, 𝜃 𝑇 

Position of centers of mass:

𝑝1 = 𝑥1, 𝑦1 = (
1

2
𝑙1 + 𝑑, 0) 

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 −
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃) 

Model the dynamic of the robot system.
2.1: Determine kinetic energy of each segment

2.2: Determine potential energy for each segment

2.3: Calculate Lagrange function

2.4: Set up equation of motion
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Lagrange-Function:

Equation of motion:

𝑞𝑖: 𝑖-th component of the generalized coordinates

 𝜏𝑖: 𝑖-th component of the generalized forces

Method after Lagrange (Recap)

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑖
 −

𝜕𝐿

𝜕𝑞𝑖

𝐿(𝒒, ሶ𝒒) = 𝐸𝑘𝑖𝑛(𝒒, ሶ𝒒) − 𝐸𝑝𝑜𝑡(𝒒)
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Task 2.1: Kinetic Energy
𝐸𝑘𝑖𝑛 =

1

2
𝑚𝑣2 +

1

2
 𝐽𝜔2

Kinetic energy for 𝑠1 and 𝑠2:

𝐸𝑘𝑖𝑛,1 =
1

2
𝑚1𝑣1

2 =
1

2
𝑚1

ሶ𝑑2 

𝐸𝑘𝑖𝑛,2  =
1

2
𝑚2𝑣2

2 +
1

2
𝐽𝜔2

2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 
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Task 2.1: Kinetic Energy
𝐸𝑘𝑖𝑛 =

1

2
𝑚𝑣2 +

1

2
 𝐽𝜔2

Kinetic energy for 𝑠1 and 𝑠2:

𝐸𝑘𝑖𝑛,1 =
1

2
𝑚1𝑣1

2 =
1

2
𝑚1

ሶ𝑑2 

𝐸𝑘𝑖𝑛,2  =
1

2
𝑚2𝑣2

2 +
1

2
𝐽𝜔2

2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 
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Task 2.1: Kinetic Energy

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 −
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃)

ሶ𝑥2 = ሶ𝑑 + ሶ𝜃 ⋅ +
1

2
𝑙2 sin 𝜃 = ሶ𝑑 + ሶ𝜃 ⋅

1

2
𝑙2 sin 𝜃

ሶ𝑦2 = ሶ𝜃 ⋅ −
1

2
𝑙2 ⋅ cos 𝜃 = − ሶ𝜃 ⋅

1

2
𝑙2 ⋅ cos 𝜃
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Task 2.1: Kinetic Energy

ሶ𝑥2 = ሶ𝑑 + ሶ𝜃 ⋅ +
1

2
𝑙2 sin 𝜃 = ሶ𝑑 + ሶ𝜃 ⋅

1

2
𝑙2 sin 𝜃

ሶ𝑦2 = ሶ𝜃 ⋅ −
1

2
𝑙2 ⋅ cos 𝜃 = − ሶ𝜃 ⋅

1

2
𝑙2 ⋅ cos 𝜃

𝑝2 = 𝑥2, 𝑦2 = (𝑙1 + 𝑑 −
1

2
𝑙2 ⋅ cos 𝜃 , −

1

2
𝑙2 ⋅ sin 𝜃)
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Task 2.1: Kinetic Energy

ሶ𝑥2 = ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

ሶ𝑦2 = − ሶ𝜃 ⋅
1

2
𝑙2 ⋅ cos 𝜃

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 =
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Task 2.1: Kinetic Energy

ሶ𝑥2 = ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

ሶ𝑦2 = − ሶ𝜃 ⋅
1

2
𝑙2 ⋅ cos 𝜃

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 =

=
1

2
𝑚2

ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

2
+ − ሶ𝜃 ⋅

1

2
𝑙2 ⋅ cos 𝜃

2
+

1

2
𝐽 ሶ𝜃2
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Task 2.1: Kinetic Energy

ሶ𝑥2 = ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

ሶ𝑦2 = − ሶ𝜃 ⋅
1

2
𝑙2 ⋅ cos 𝜃

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 =

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2

ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

2
+ − ሶ𝜃 ⋅

1

2
𝑙2 ⋅ cos 𝜃

2
+

1

2
𝐽 ሶ𝜃2

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2

ሶ𝑑2 + 2 ⋅ ሶ𝑑 ⋅ ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃 + ሶ𝜃2 ⋅

1

4
𝑙2

2 sin2 𝜃 + ሶ𝜃2 ⋅
1

4
𝑙2

2 ⋅ cos2 𝜃 +
1

2
𝐽 ሶ𝜃2
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Task 2.1: Kinetic Energy

ሶ𝑥2 = ሶ𝑑 − ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

ሶ𝑦2 = − ሶ𝜃 ⋅
1

2
𝑙2 ⋅ cos 𝜃

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ሶ𝑥2

2 + ሶ𝑦2
2 +

1

2
𝐽 ሶ𝜃2 =

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2

ሶ𝑑 + ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃

2
+ − ሶ𝜃 ⋅

1

2
𝑙2 ⋅ cos 𝜃

2
+

1

2
𝐽 ሶ𝜃2

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2

ሶ𝑑2 + 2 ⋅ ሶ𝑑 ⋅ ሶ𝜃 ⋅
1

2
𝑙2 sin 𝜃 + ሶ𝜃2 ⋅

1

4
𝑙2

2 sin2 𝜃 + ሶ𝜃2 ⋅
1

4
𝑙2

2 ⋅ cos2 𝜃 +
1

2
𝐽 ሶ𝜃2

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2

ሶ𝑑2 +
1

2
𝑚2

ሶ𝑑 ⋅ ሶ𝜃𝑙2 sin 𝜃 +
1

2
𝑚2

ሶ𝜃2 ⋅
1

4
𝑙2

2 +
1

2
𝐽 ሶ𝜃2
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Task 2.1: Kinetic Energy

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

8
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

2
⋅ 𝑱 ⋅ ሶ𝜃2
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Task 2.1: Kinetic Energy

𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

8
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

2
⋅ 𝐽 ⋅ ሶ𝜃2

=
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

8
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

2
⋅

1

12
𝑚2𝑙2

2 ⋅ ሶ𝜃2

=
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

8
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

24
𝑚2𝑙2

2 ⋅ ሶ𝜃2

=
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

6
𝑚2𝑙2

2 ⋅ ሶ𝜃2

Moment of inertia for a rod with negligible radius, 

with respect to the center of gravity :  𝐽 =
1

12
𝑚2𝑙2

2
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Task 2.2: Potential Energy 𝐸𝑝𝑜𝑡 = 𝑚𝑔ℎ

Potential Energies for 𝑠1 und 𝑠2:

𝐸𝑝𝑜𝑡,1 = 𝑚1𝑔𝑦1 = 0

𝐸𝑝𝑜𝑡,2  = 𝑚2𝑔𝑦2 = −
1

2
𝑚2𝑔𝑙2sin(𝜃)
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Task 2.3: Lagrange Function

𝐸𝑘𝑖𝑛,1 =
1

2
𝑚1

ሶ𝑑2  𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

6
𝑚2𝑙2

2 ⋅ ሶ𝜃2

𝐸𝑝𝑜𝑡,1 = 0   𝐸𝑝𝑜𝑡,2  = −
1

2
𝑚2𝑔𝑙2 sin 𝜃  

𝐿 = 𝐸𝑘𝑖𝑛,1 + 𝐸𝑘𝑖𝑛,2 − 𝐸𝑝𝑜𝑡,1 − 𝐸𝑝𝑜𝑡,2 = 

𝐿(𝒒, ሶ𝒒) = 𝐸𝑘𝑖𝑛(𝒒, ሶ𝒒) − 𝐸𝑝𝑜𝑡(𝒒)
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Task 2.3: Lagrange Function

𝐸𝑘𝑖𝑛,1 =
1

2
𝑚1

ሶ𝑑2 𝐸𝑘𝑖𝑛,2 =
1

2
𝑚2 ⋅ ሶ𝑑2 +

1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

6
𝑚2𝑙2

2 ⋅ ሶ𝜃2

𝐸𝑝𝑜𝑡,1 = 0 𝐸𝑝𝑜𝑡,2 = −
1

2
𝑚2𝑔𝑙2 sin 𝜃

𝐿 =
1

2
𝑚1

ሶ𝑑2 +
1

2
𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

6
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2 sin 𝜃

𝐿 =
1

2
𝑚1 + 𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2 sin 𝜃 ⋅ ሶ𝑑 ሶ𝜃 +

1

6
𝑚2𝑙2

2 ⋅ ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2 sin 𝜃

𝐿(𝒒, ሶ𝒒) = 𝐸𝑘𝑖𝑛(𝒒, ሶ𝒒) − 𝐸𝑝𝑜𝑡(𝒒)
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Task 2.3: Differentiation of the Lagrange Function

𝜕𝐿

𝜕 ሶ𝑑
=

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑑
=

𝜕𝐿

𝜕𝑑
=

𝐿 =
1

2
𝑚1 + 𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 sin 𝜃 +
1

6
𝑚2𝑙2

2 ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)
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𝐿 =
1

2
𝑚1 + 𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 sin 𝜃 +
1

6
𝑚2𝑙2

2 ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)

Task 2.3: Differentiation of the Lagrange Function

𝜕𝐿

𝜕 ሶ𝑑
= 𝑚1 + 𝑚2

ሶ𝑑 +
1

2
𝑚2𝑙2

ሶ𝜃 ⋅ sin 𝜃

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑑
= 𝑚1 + 𝑚2

ሷ𝑑 +
1

2
𝑚2𝑙2

ሷ𝜃 sin 𝜃 + ሶ𝜃 ⋅ cos 𝜃 ⋅ ሶ𝜃

𝜕𝐿

𝜕𝑑
= 0
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Task 2.3: Differentiation of the Lagrange Function

𝐿 =
1

2
𝑚1 + 𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 sin 𝜃 +
1

6
𝑚2𝑙2

2 ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)

𝜕𝐿

𝜕 ሶ𝜃
=

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
=

𝜕𝐿

𝜕𝜃
=



Robotics I: Introduction to Robotics | Exercise 0397

Task 2.3: Differentiation of the Lagrange Function

𝜕𝐿

𝜕 ሶ𝜃
=

1

2
𝑚2𝑙2

ሶ𝑑 ⋅ sin 𝜃 +
1

3
𝑚2𝑙2

2 ሶ𝜃

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
=

1

2
𝑚2𝑙2

ሷ𝑑 sin 𝜃 + ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

3
𝑚2𝑙2

2 ሷ𝜃

𝜕𝐿

𝜕𝜃
=

1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

2
𝑚2𝑙2𝑔 cos(𝜃)

𝐿 =
1

2
𝑚1 + 𝑚2

ሶ𝑑2 +
1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 sin 𝜃 +
1

6
𝑚2𝑙2

2 ሶ𝜃2 +
1

2
𝑚2𝑔𝑙2sin(𝜃)
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Task 2.4: Equation of Motion

𝜏1 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑑
 −

𝜕𝐿

𝜕𝑑

𝜏2

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑖
 −

𝜕𝐿

𝜕𝑞𝑖
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Task 2.4: Equation of Motion

𝜏1 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑑
−

𝜕𝐿

𝜕𝑑

𝜏1 = 𝑚1 + 𝑚2
ሷ𝑑 +

1

2
𝑚2𝑙2

ሷ𝜃 sin 𝜃 + ሶ𝜃2 cos 𝜃 − 0

𝜏2

𝜏𝑖 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝑞𝑖
−

𝜕𝐿

𝜕𝑞𝑖
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Task 2.4: Equation of Motion

𝜏2 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
−

𝜕𝐿

𝜕𝜃

𝜏2

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
= −

1

2
𝑚2𝑙2

ሷ𝑑 sin 𝜃 + ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

3
𝑚2𝑙2

2 ሷ𝜃

𝜕𝐿

𝜕𝜃
= −

1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

2
𝑚2𝑙2𝑔 cos(𝜃)
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Task 2.4: Equation of Motion

𝜏2 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
−

𝜕𝐿

𝜕𝜃

𝜏2 =
1

2
𝑚2𝑙2

ሷ𝑑 sin 𝜃 + ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

3
𝑚2𝑙2

2 ሷ𝜃 −
1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

2
𝑚2𝑙2𝑔 cos 𝜃

𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
= −

1

2
𝑚2𝑙2

ሷ𝑑 sin 𝜃 + ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

3
𝑚2𝑙2

2 ሷ𝜃

𝜕𝐿

𝜕𝜃
= −

1

2
𝑚2𝑙2

ሶ𝑑 ሶ𝜃 cos 𝜃 +
1

2
𝑚2𝑙2𝑔 cos(𝜃)
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Task 2.4: Equation of Motion

𝜏2 =
𝑑

𝑑𝑡

𝜕𝐿

𝜕 ሶ𝜃
−
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Task 2.4: Equation of Motion

𝝉 = 𝑀 𝒒 ሷ𝒒 + 𝒄 ሶ𝒒, 𝒒 + 𝒈(𝒒)
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Task 2.4: Equation of Motion

𝝉 = 𝑀 𝒒 ሷ𝒒 + 𝒄 ሶ𝒒, 𝒒 + 𝒈(𝒒)

𝝉 =
𝜏1

𝜏2
=

𝑚1 + 𝑚2
ሷ𝑑 +

1

2
𝑚2𝑙2

ሷ𝜃 sin 𝜃 + ሶ𝜃2 cos 𝜃

1

2
𝑚2𝑙2 sin 𝜃 ሷ𝑑 +

1

3
𝑚2𝑙2

2 ሷ𝜃 −
1

2
𝑚2𝑙2𝑔 cos(𝜃)



Robotics I: Introduction to Robotics | Exercise 03105

Task 2.4: Equation of Motion

𝝉 = 𝑀 𝒒 ሷ𝒒 + 𝒄 ሶ𝒒, 𝒒 + 𝒈(𝒒)
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This corresponds to the general Equation of Motion:
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